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a b s t r a c t
This paper concerns the finite element simulation of the diffraction of a time-harmonic
acoustic wave in the presence of an arbitrary mean flow. Considering the equation for the
perturbation of displacement (due to Galbrun), we derive a low-Mach number formulation
of the problem which is proved to be of Fredholm type and is therefore well suited for
discretization by classical Lagrange finite elements. Numerical experiments are done in
the case of a potential flow for which an exact approach is available, and a good agreement
is observed.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The reduction of noise in aeronautics is motivating intensive research in aeroacoustics. In particular, there is a need for
efficient numerical tools to simulate acoustic propagation in a mean flow. We are interested here in solving the linearized
problem in the frequency domain, by a finite elementmethod able to take into account general geometries and flows. To our
knowledge, only the potential case (when the flow and the source are irrotational) which leads to a Helmholtz-like scalar
equation has been completely handled [1,2].
For an arbitrary flow, the problem is much more difficult to solve, due to the coupling between acoustic and
hydrodynamic perturbations. It can be modelized by Linearized Euler Equations whose unknowns are the perturbations
of velocity and pressure or, alternatively, by the less well known equation of Galbrun whose unknown is the perturbation
of displacement [3]. Although less usual, this second approach has several advantages: in particular, it allows a very simple
treatment of the boundary conditions, which are generally expressed with respect to the displacement.
Recently, a new numerical approach has been developed and validated in the case of a parallel shear flow [4,5]: this
method relies on a finite element discretization combinedwith PerfectlyMatched Layers (PMLs) of a regularized formulation
of Galbrun’s equation. The regularization process consists in adding to the equation a term which does not change the
value of the solution (the additional term vanishes for the solution) but which improves the mathematical properties of
the equation: if the Mach number does not vanish, the regularized equation appears to be a compact perturbation of a
Helmholtz-like vector equation. As a consequence, it is well suited for discretization by Lagrange finite elements.
A drawback of the method comes from the additional term, which requires the evaluation of an oscillating integral,
coupling all degrees of freedom located on the same streamline. This difficulty can be avoided by replacing this non-local
term by its low-Mach number approximation [6].
We will show here how to extend this low-Mach number approach to the case of a non-parallel flow. For simplicity, we
restrict ourselves to the two-dimensional case.
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The outline of the paper is the following. The regularized Galbrun’s equation is derived in Section 2. The main result is
the calculation of the hydrodynamic equation. An expression of the solution of this equation at low Mach number is then
postulated. Section 3 is devoted to the diffraction problem. We consider the diffraction of an incident acoustic wave by a
bounded obstacle, in the presence of a flow that is uniform at infinity. A formulation of the problem, with bounded Perfectly
Matched Layers, is given and proved to be of Fredholm type. Numerical results are finally presented in Section 4, in the case
of a potential flow, and compared with the results of a full potential approach.
2. Derivation of the modified Galbrun equation
2.1. Galbrun’s equation
Consider a stationary subsonic flow of a perfect compressible fluid satisfying Euler’s equations. This flow is characterized
by its non-uniform fields of velocity v0, density ρ0, pressure p0 and sound velocity c0. We aim at simulating the propagation
of a time-harmonic perturbation (with an e−iωt time dependence). Galbrun’s equation, whose unknown is the perturbation
of displacement u, is obtained by a linearization process (see for example [7]). It reads as follows:
ρ0
D2u
Dt2
−∇(ρ0c20divu)+ divu∇p0 − t∇u · ∇p0 = 0, (1)
where DuDt = −iωu+∇u · v0. Let us emphasize that usual quantities, such as the perturbations of pressure and velocity, pE
and vE , solutions of the Linearized Euler Equations, can be recovered from the knowledge of u by the following formula:
pE = −ρ0c20divu− u · ∇p0 and vE =
Du
Dt
−∇v0 · u. (2)
Notice that in the particular case of a parallel shear flow with ρ0, p0 and c0 uniform, Galbrun’s equation reduces to
D2u
Dt2
− c20∇(divu) = 0. (3)
It has been observed that a direct finite element resolution of (3) (using Lagrange elements) leads to a polluted result, due
to a lack of H1 coerciveness. A way to restore coerciveness is to consider the following ‘‘regularized’’ (or ‘‘augmented’’)
formulation of (3):
D2u
Dt2
− c20∇(divu)+ s0 curl(curlu− ψ) = 0, (4)
where s0 ∈ R+ and the new unknown
ψ = curlu
(which is called here the ‘‘vorticity’’) is introduced [8]. We will extend this regularization technique to the general equation
(1). Then a ‘‘hydrodynamic’’ relation between ψ and uwill is derived and solved in the low-Mach number approximation.
2.2. Regularization
Let s0 be a positive real function. The regularized equation associated to (1) is given by
ρ0
D2u
Dt2
−∇(ρ0c20divu)+ curl(ρ0s0(curlu− ψ))+ divu∇p0 − t∇u · ∇p0 = 0. (5)
The hydrodynamic equation is then derived by taking the curl of (1), which gives
curl
(
ρ0
D2u
Dt2
+ divu∇p0 − t∇u · ∇p0
)
= 0
and after some calculations (see Appendix),
D2ψ
Dt2
= −2 D
Dt
(Bu)− Cu (6)
with
Bu =
2∑
j=1
∇v0,j ∧ ∂u
∂xj
(7)
and
Cu =
2∑
j,k=1
(
∂v0,k
∂xj
∇v0,j ∧ ∂u
∂xk
− v0,j∇ ∂v0,k
∂xj
∧ ∂u
∂xk
)
+ 1
ρ0
2∑
j=1
(
1
ρ0c20
∂p0
∂xj
∇p0 −∇
(
∂p0
∂xj
))
∧ ∇uj.
Notice that, for a parallel shear flow (with p0 uniform and v0 = v0,1(x2)e1 for instance), Cu = 0.
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2.3. Low-Mach number approximation
In the case of a parallel shear flow, it was possible to derive an exact expression of ψ versus u as a convolution integral
along the stream lines [8]. It is not straightforward to extend this approach in the general case. However, under suitable
hypotheses, simple approximations of ψ can be obtained. For instance, if we suppose that the flow is slow and has slow
variations,
|v0(x)|  c0(x) and |∇v0(x)||v0(x)| 
ω
c0(x)
,
and if there are no sources of vortices, which implies that u varies like an acoustic wave:
|∇u(x)|
|u(x)| ∼
ω
c0(x)
,
we can neglect the contribution Cu in (6). Then if the mean flow does not present recirculations (closed streamlines),
integration of (6) leads to
Dψ
Dt
= −2Bu,
whose solution has the following low-Mach number approximation:
ψLM = 2iωBu. (8)
This formula can be derived rigorously in the case of a parallel shear flow as an approximation of the convolution formula,
which becomes highly oscillating at low Mach numbers [6]. Notice that if the flow is uniform (not necessarily slow),ψ = 0
andBu = 0, so ψ = ψLM. As a consequence, the low-Mach number approximation remains valid for large Mach numbers,
if the flow is slowly varying.
Let us point out that, contrary tomost of the approximatemodels proposed in the literature [9,10], the coupling between
acoustics and hydrodynamics is not neglected here.
Summing up, using (5) and (8), we get the modified Galbrun equation which will be solved in practice:
GLMu def= ρ0D
2u
Dt2
−∇(ρ0c20divu)+ divu∇p0 − t∇u · ∇p0 + curl
(
ρ0s0
(
curlu− 2
iω
Bu
))
= 0. (9)
Notice that in presence of a source term f in (1) with curl f = 0, we obtain in the same way GLMu = f.
3. Setting of the diffraction problem
Let us now consider a particular diffraction problem which will be solved by using the previous model.
3.1. Geometry and incident wave
LetO be a regular bounded domain ofR2 occupied by a rigid obstacle. Themean flow (v0, ρ0, p0, c0) is defined inR2 \O;
it is such that ρ0, p0, c0, v0 and its derivatives
∂v0,k
∂xj
belong to Ł∞(R2 \ O)with
inf
x∈R2\O
ρ0c20 > 0.
Moreover, the flow is supposed to be almost uniform far from the obstacle:
∃R > 0/ for |x| > R, v0(x) = v∞e1, (ρ0(x), p0(x), c0(x)) = (ρ∞, p∞, c∞).
The regularization function s0 is then chosen such that s0(x) = c2∞ for |x| > R. The hypothesis of uniformity of the flow far
from the obstacle implies that
∀u ∈ H1loc(R2 \ O), Bu(x) = 0 for |x| > R.
As a consequence, each component of the solution u of (9) satisfies the convected Helmholtz equation for |x| > R:
D2∞ϕ
Dt2
− c2∞∆ϕ = 0, (10)
where D∞Dt = −iω+v∞ ∂∂x1 . It is well known that this equation is equivalent to a classical Helmholtz equation∆ϕ˜+ k˜2ϕ˜ = 0
for ϕ˜ defined by ϕ˜(x1/τ∞, x2) = ϕ(x1, x2)eikν∞x1 with τ 2∞ = 1− v
2∞
c2∞
, ν∞ = v∞
τ2∞c∞
and k˜ = k
τ∞ .
Then we can consider an incident wave which is for instance a plane wave of this uniform medium:
uinc(x) = eik∞x1e1 with k∞ = ωc∞ + v∞ ,
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and the diffraction problem is the following: find u ∈ H1loc(R2 \ O) such that udif = u− uinc is outgoing and
GLMu = 0 in R2 \ O
u · n = curlu− 2
iω
Bu = 0 on ∂O. (11)
The first boundary condition comes from the rigidity of the obstacle (n denotes the unitary exterior normal to ∂O). The
second one is simply (8) written on the boundary: it is required for well-posedness. This radiation condition is discussed in
Section 3.2.
3.2. Radiation condition and PMLs
As we have seen, the hypothesis of uniformity of the flow far from the obstacle implies that each component of udif
satisfies (10) for |x| > R. Then we say that ϕ is outgoing if ϕ˜ is outgoing (in the classical sense) and we say that udif is
outgoing if each component of udif is outgoing.
In practice, we use PMLs to select this outgoing solution (other methods like a coupling with an integral representation
could also be used). The computational domain is defined byΩL = BL \ O, where BL is the following square:
BL = {(x1, x2)/|x1| < R+ L and |x2| < R+ L},
and L denotes thewidth of the absorbing layers. Themodel in the PMLs involves a complex parameterα such thatRe(α) > 0
and =m(α) < 0. Finally, the problem that we solve is the following: find udif ∈ H1(ΩL) such that (with u = udif + uinc)
GLMα udif = f inΩL
u · n = curlu− 2
iω
Bu = 0 on ∂O
udif = 0 on ∂BL,
(12)
where f = −GLMuinc is a source term supported in
Ω = {(x1, x2)/|x1| < R and |x2| < R} \ O.
The index α means that the corresponding operator has been modified according to the following substitution:
∂
∂xi
→ αi(x) ∂
∂xi
with αi defined by αi(x) = 1 if |xi| < R and αi(x) = α if |xi| > R.
For example, divαu = α1(x) ∂u1∂x1 + α2(x)
∂u2
∂x2
.
In practice, we solve instead of (12) a transmission problem with the total field u as unknown in Ω and the diffracted
field udif as unknown in the absorbing layers. The incident field then results in non-homogeneous transmission conditions
at the interface betweenΩ and the absorbing layers.
3.3. Well-posedness
We now choose s0 = c20 . For the sake of clarity, we consider here a simpler problem which corresponds to the field
produced by a source f: find u ∈ H1(ΩL) such that
GLMα u = f inΩL
u · n = curlu− 2
iω
Bu = 0 on ∂O
u = 0 on ∂BL.
(13)
Let us emphasize that the proof of well-posedness for this problem can be easily extended to the diffraction problem, using
standard arguments for handling the heterogeneous conditions on ∂O. Problem (13) has the following variational form:
Find u ∈ V such that ∀v ∈ V
a(u, v)+ b(u, v) =
∫
ΩL
f v¯,
where V = {u ∈ H1(ΩL)2;u · n|∂O = 0 and u|∂BL = 0} and
a(u, v) =
∫
ΩL
ρ0c20
α1α2
(divαu divα v¯+ curlαu curlα v¯)−
∫
ΩL
ρ0
α1α2
(v0 · ∇α)u · (v0 · ∇α) v¯+ 2iω
∫
Ω
ρ0c20Bu curl v¯,
b(u, v) =
∫
ΩL
−ρ0ω
α1α2
(2i (v0 · ∇α)u+ ωu) · v¯+
∫
Ω
(
divu∇p0 − t∇u · ∇p0
)
v¯.
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Theorem 1. Problem (13) is of Fredholm type if
inf
x∈Ω
(
1− |v0(x)|
2
c0(x)2
− 2
√
2
ω
|∇v0(x)|
)
> 0. (14)
Remark 1. Notice that, for a given subsonic flow, condition (14) is satisfied if the frequency is high enough.
Proof. We will prove that, under hypothesis (14), the bilinear form a(u, v) has the following decomposition: a(u, v) =
c(u, v)+ d(u, v), where c(u, v) is coercive on V and d(u, v) is a compact perturbation (i.e. associated to a compact operator
on V ). This proves the theorem, as b(u, v) is also a compact perturbation.
First, integrating by parts, we obtain the following identity, generalizing Costabel’s one [11]: ∀u, v ∈ H1(ΩL)2,∫
ΩL
ρ0c20
α1α2
(divαu divα v¯+ curlαu curlα v¯) =
∫
ΩL
ρ0c20
α1α2
∇αu · ∇α v¯+ d(u, v)
with d(u, v) =
∫
ΩL
(
∂(ρ0c20 )
∂x1
∂u
∂x2
− ∂(ρ0c
2
0 )
∂x2
∂u
∂x1
)
× v¯−
∫
∂ΩL
ρ0c20
(
n1
∂u
∂x2
− n2 ∂u
∂x1
)
× v¯.
For v ∈ V , using v · n|∂ΩL = 0, the boundary term becomes∫
∂ΩL
ρ0c20
(
n1
∂u
∂x2
− n2 ∂u
∂x1
)
× v¯ =
∫
∂ΩL
ρ0c20
[(
n1
∂u
∂x2
− n2 ∂u
∂x1
)
· n
]
(n× v¯).
Finally, for u ∈ V , using u · n|∂ΩL = 0, we notice that the term in the brackets vanishes on the outer boundary (which
is polygonal). For the boundary of the obstacle, we introduce a regular extension of n in its neighborhood, and using
∇(u · n)× n = 0, we get∫
∂ΩL
ρ0c20
(
n1
∂u
∂x2
− n2 ∂u
∂x1
)
× v¯ =
∫
∂O
ρ0c20 [(u · ∇)n× n] (n× v¯).
The compactness of d(u, v) then follows from standard arguments.
On the other hand, the coerciveness follows from the following inequalities:∣∣∣∣∫
ΩL
ρ0c20
α1α2
∇αu · ∇αu¯− ρ0
α1α2
(v0 · ∇α)u · (v0 · ∇α) u¯
∣∣∣∣
≥
∫
Ω
ρ0(c20 − |v0|2)|∇u|2 +min(Re(α),Re(1/α))
∫
ΩL\Ω
ρ0(c20 − |v0|2)|∇u|2
and
∣∣∫
Ω
ρ0c20Bu curl u¯
∣∣ ≤ √2 ∫
Ω
ρ0c20 |∇v0||∇u|2. 
4. Numerical results
First, let us make some remarks. The low-Mach number (LM) approximation (8), exact in the case of uniform flows,
was already validated for parallel shear flows in [8]. In this section, we want to show that this approximation extended
to non-parallel mean flows is still relevant. Note that analytical solutions are generally unknown, and in order to validate
this approximation, numerical comparisons with another approach must be done. In the frequency domain, the ‘‘potential’’
case has been largely studied and provides good solutions [1,2]. In this potential approach, a mean flow is chosen such that
v0 = ∇ϕ0, where ϕ0 is a scalar function. In the particular context of the scattering problems (see Section 3.1), one can
then prove that the perturbation of the Euler speed vE is irrotational and so derives from a scalar potential, i.e. vE = ∇ϕE .
Moreover, the knowledge of this potential alsomakes it possible to derive the other Euler perturbations pE, ρE (pressure and
density). Lastly, instead of solving the linearized Euler equations, we can consider the following equivalent scalar problem:
find ϕE ∈ H1loc(R2 \ O) such that ϕE − ϕinc is outgoing and
D
Dt
(
1
c20
DϕE
Dt
)
− 1
ρ0
div (ρ0∇ϕE) = 0 in R2 \ O
∂ϕE
∂n
= 0 on ∂O.
(15)
The approximation of this equation by the Lagrange finite element discretization coupled with a PML formalism does
not raise any problem. For the potential approach (15), the errors are mainly due to the finite element approximation and
to the use of PMLs (more precisely, the truncation of the unbounded domain by a finite width L of absorbing layers). On the
other hand, the problem can be solved by the low-Mach number Galbrunmethod; let us emphasize, that contrary to curl vE ,
curlu does not vanish and an error is produced by its low-Mach number approximation. Through (2), one can compute an
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Fig. 1. Mean flow (left), real part of vLME,1 (center) and v
LM
E,1 − vE,1 (right) forM∞ = 0.1.
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Fig. 2. Relative error ‖vLME − vE‖L2/‖vE‖L2 versusM∞ in log–log scale.
LM approximation vLME of the perturbation of the Euler speed and compare it to vE = ∇ϕE . Let us point out that both vLME
and vE require the evaluation of the first derivatives of the finite element solutions u and ϕE . The comparison between both
solutions measures the quality of the LM approximation.
To do the simulations, mean flows are needed. For simplicity, we have added the assumption of incompressibility for
these flowswhich then verify the scalar equation∆ϕ0 = 0. In this way, analytical mean flows aroundmany geometries [12]
can be derived. A particular simple case is the flow around a circle of center (0, 0) and radius r . In this case, the potential is
defined by ϕ0 = v∞x1(1+ r2/(x21 + x22)).
Fig. 1 (left) shows the Mach field of the mean flow for M∞ = v∞/c∞ = 0.1 (its maximum is 2v∞ and is located near
the circle), the x-component of the perturbation of the Euler speed vLME and of the difference v
LM
E − vE . There is a very good
agreement; the difference can be detected only in a small area where the velocity takes its largest values. Fig. 2 represents,
in the log–log scale, the relative error between the Galbrun and potential solutions versusM∞, forM∞ ∈ [0, 0.4]. As could
be predicted, the error is quadratic (varying likeM2∞).
Finally, since we supposed that the mean flows are potential and incompressible, it is easy to compute them via a finite
element solution of a Laplace problem. So, one can treat more complex geometries. For example, we have compared the two
methods for a two-dimensional aircraft carriagemodel forM∞ = 0.1 andM∞ = 0.2with a point source in the carriage (see
Fig. 3). We see a good agreement between the two solutions. Fig. 4 shows the far-field patterns obtained from the Galbrun
solution, and it is compared to the one corresponding to the no-flow experiment. We clearly see the effect of the flow on
the directivity of the sound.
Appendix
Let u be a regular solution of (1) and let us prove that (6) holds. For conciseness, we only give the main steps of this
calculation:
Step 1: curl
(
ρ0
D2u
Dt2
)
= ∇ρ0 ∧ D
2u
Dt2
+ ρ0curl
(
D2u
Dt2
)
= ∇ρ0 ∧ D
2u
Dt2
+ ρ0
(
D2ψ
Dt2
+ 2Bu+ C1u
)
withB defined by (7) and C1u =∑2j,k=1 ( ∂v0,k∂xj ∇v0,j ∧ ∂u∂xk − v0,j∇ ∂v0,k∂xj ∧ ∂u∂xk ).
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Step 2: curl(divu∇p0 − t∇u · ∇p0) = ∇(divu) ∧ ∇p0 −
2∑
j=1
∇
(
∂p0
∂xj
)
∧ ∇uj
=
(
−∇(ρ0c
2
0 )
ρ0c20
divu+ 1
c20
D2u
Dt2
)
∧ ∇p0 + ρ0C2u (using (1) to compute∇(divu))
with C2u = 1ρ0
∑2
j=1
(
1
ρ0c20
∂p0
∂xj
∇p0 −∇
(
∂p0
∂xj
))
∧ ∇uj.
Now, with C = C1 + C2, Step 1 and Step 2 lead to
curl
(
ρ0
D2u
Dt2
+ divu∇p0 − t∇u · ∇p0
)
= ρ0D
2ψ
Dt2
+ 2ρ0Bu+ ρ0Cu− divu
(∇(c20 )
c20
+ ∇(ρ0)
ρ0
)
∧ ∇p0
+
(
− 1
c20
∇p0 +∇ρ0
)
∧ D
2u
Dt2
= 0. (16)
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Finally, the state law p0 = f (ρ0) (isentropic mean flow) leads to
∇p0 = f ′(ρ0)∇ρ0 = c20∇ρ0 and ∇(c20 ) = f ′′(ρ0)∇ρ0 =
f ′′(ρ0)
c20
∇p0 (17)
and (16) gives the hydrodynamic equation (6).
References
[1] J.P. Coyette, Manuel Théorique ACTRAN, Free Field Technologies, Louvain-la-Neuve, Belgique, 2001.
[2] S. Duprey, Etudemathématique et numérique de la propagation acoustique d’un turboréacteur. Ph.D. Thesis, Ecole Doctorale IAEM Lorraine Université
Henri Poincaré–Nancy I, 2006.
[3] F. Treyssede, G. Gabard, M.B. Tahar, A mixed finite element method for acoustic wave propagation in moving fluids based on an Eulerian–Lagrangian
description, J. Acoust. Soc. Am. 113 (2003) 705–716.
[4] E. Bécache, A.-S. Bonnet-BenDhia, G. Legendre, Perfectlymatched layers for time-harmonic acoustics in the presence of a uniform flow, SIAM J. Numer.
Anal. 44 (2006) 1191–1217.
[5] A.S. Bonnet-Ben Dhia, E.M. Duclairoir, J.F. Mercier, Acoustic propagation in a flow: Numerical simulation of the time-harmonic regime, in: Proceedings
du CANUM 2006, ESAIM Procs., vol. 22, 2007.
[6] E. M. Duclairoir, Rayonnement acoustique dans un écoulement cisaillé: Uneméthode d’éléments finis pour la simulation du régime harmonique. Ph.D.
Thesis, Ecole Doctorale de l’Ecole Polytechnique, 2007.
[7] B. Poirée, Les équations de l’acoustique linéaire et non linéaire dans un écoulement de fluide parfait, Acustica 57 (1985) 5–25.
[8] A.S. Bonnet-Ben Dhia, E.M. Duclairoir, G. Legendre, J.F. Mercier, Time-harmonic acoustic propagation in the presence of a shear flow, J. Comput. Appl.
Math. (2007).
[9] N. Peake, On applications of high-frequency asymptotics in aeroacoustics, Phil. Trans. R. Soc. Lond. A 362 (2004) 673–693.
[10] A. Agarwal, A.P. Dowling, Low-frequency acoustic shielding by the silent aircraft airframe, AIAA J. 45 (2) (2007) 358–365.
[11] M. Costabel, A coercive bilinear form for Maxwell’s equations, J. Math. Anal. Appl. 157 (1991) 527–541.
[12] R.L. Panton, Incompressible Flow, John Wiley and Sons, Inc., 1995.
